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ANALYTICAL SOLUTION OF A PROBLEM OF A COLLISION
OF TWO HYPERSONIC GAS FLOWS
FROM SYMMETRIC SOURCES

N. N. Pilyugin UDC 533.6.011.5 : 524.358.3

An asymptotic solution of the Euler equations that describe stationary interaction of two hypersonic
gas flows from two identical spherically symmetric sources and an integral equation determining the
shock wave shape are obtained with the use of a modified method of expansion of the sought functions
with respect to a small parameter, which is the ratio of gas densities in the incoming flow and be-
hind the shock wave. The solution of this equation near the axis of symmetry allows the shock wave
stand-off distance from the contact plane and the radius of its curvature to be found. It is shown that
the solution obtained agrees well with the known numerical solutions.
Key words: hypersonic flow, spherically symmetric source, gas-dynamic equations, asymptotic solution.

Introduction. The problem of incidence of a nonuniform supersonic flow onto a plane target is of interest
in studying the dynamic and thermal effect of plasma jets on elements of flying vehicles and on the Earth’s surface
[1]. Tt is known that the flow in a supersonic jet escaping from an axisymmetric nozzle into vacuum can be modeled
by a flow at a certain distance from a spherical source [2]. A similar problem is encountered in astrophysics in
studying a collision of two identical star winds emanating from double star systems [3-5].

If the characteristics of both supersonic sources are identical, then the problem of the collision of two flows
reduces to the problem of interaction of a spherically symmetric supersonic flow with a plane target. In accordance
with this model, the flows of two gases are divided by a contact surface, which is a plane, and the interaction
region is enclosed between two shock waves. Each of the two symmetric domains between the shock wave (SW)
and the contact surface consists of subdomains of subsonic, transonic, and supersonic flows. This flow pattern
is similar to the pattern of supersonic flow around blunted bodies [6]. Various methods are currently used to
calculate stationary problems of an inviscid gas flow around blunted bodies; the most resource-intensive method
is based on the time-stabilization principle [1, 2]. Iterative methods, in particular, a method of global iterations,
are less resource-intensive [7, 8]. A method of global iterations based on iterations in terms of the bow SW shape
and the streamwise pressure gradient in the subsonic flow region was proposed in [7] to solve the problem of a
supersonic inviscid gas flow around blunted bodies. A more effective iterative-marching numerical algorithm based
on iterations in terms of the degree of deviation of the shape of normalized pressure profiles from the shape of local
similarity in the subsonic part of the shock layer was developed in [8]. In contrast to [7], the SW shape in [8] is not
specified at each iteration, but is calculated together with other sought functions by the marching method. Though
numerical methods for solving gas-dynamic equations have been well developed [9, 10], analytical and approximate
solutions of hypersonic gas-dynamic problems are still urgent; they are used: (i) for testing and verifying the
convergence of methods of the numerical solution of gas-dynamic equations; (ii) for approximating observation
results; (iii) as the initial approximation in iterative methods [6], in particular, in the method of global iterations
[7]; (iv) as a basis for solving more complicated problems. The solution of complicated problems with allowance
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Fig. 1. Schematic of the flow: 1) domain of the flow from one source with the center
located at the point A; 2) domain of the flow behind the SW.

for dissipation, radiation, and nonequilibrium processes can be substantially simplified by means of splitting in
terms of physicochemical processes [9] and approximate solution of the gas-dynamic part of the problem. One
of the most effective approximate methods of solving the stationary Euler equations for a supersonic flow around
blunted bodies is Chernyi’s asymptotic method [11], which includes expansion of the sought functions with respect
to a small parameter, namely, the ratio of gas densities in the incoming flow and behind the SW. This method
was widely used to solve problems of a hypersonic uniform flow of a perfect gas around blunted bodies [6, 11] and
also problems of nonuniform flow [12] and radiative gas flow [13]. It seems of interest to develop this method for
studying a nonuniform gas flow past a plane. Gas-dynamic equations that describe a stationary hypersonic gas flow
escaping from a spherical source past a plane were solved numerically (by a time-dependent method) in [1, 2], and
an asymptotic solution of this problem was found in [14].

In this work, as in [14], expressions with accuracy to an arbitrary angle of SW inclination were obtained
by the method of expansion of the sought functions for gas-dynamic parameters in the shock layer. Based on the
parameters found, an integral equation determining the SW shape was derived. The solution of this equation near
the axis of symmetry made it possible to find the SW stand-off distance from the contact plane and the radius of
its curvature. It was demonstrated that the solution obtained agrees with the known numerical solution [2] much
better than the solution obtained in [14].

1. Formulation of the Problem. Let us study a collision of two hypersonic gas flows from identical
spherical sources. The distance between the centers of these sources is 2D. By virtue of symmetry, the contact
surface is a plane located at a distance D from the center of each source. Figure 1 shows the flow pattern in the case
of a collision of two identical supersonic flows. Let us introduce a cylindrical coordinate system (z,y) fitted to the
contact plane. The = distance is counted from the axis of symmetry along the plane, and the y distance is counted
along the normal to the plane (positive values of y correspond to the direction toward the source center A). We also
introduce a spherical coordinate system (r, ¢) with the center at the point A. The angle between the tangential line
to the curvilinear shock wave S and the Oy axis is denoted by a. The vectors n and 7 indicate the direction of the
tangential line and the normal at an arbitrary point N on the SW. The components of the velocity vector U are vy,
and vy, ahead of the SW and vy, and vy, behind the SW; the velocity components in the coordinate system (z,y)
are v and v. The relation of the components of the velocity vector U behind the SW wvo., vo, with the components
u and v of the same vector in the coordinate system (x,y) is found by the formulas of rotation of the axes in the
velocity hodograph plane by an angle (.
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2. Solution of Gas-Dynamic Equations in the Flow Domain between the Source and the Shock
Wave. Let us consider a spherically symmetric hypersonic flow from a source with an effective radius R, with the
following gas-dynamic parameters specified on the source surface: Mach number M., density p., radial velocity Uk,
pressure p,, and enthalpy of the gas h, at an arbitrary distance r from the source center. Then, the known solution
of gas-dynamic equations can be presented as [1, 2]

R* 2 M _ U M P _
= AQ+D/2(v=1) - A — AV(-D)
( r ) M, ’ U. M*\/ ’ P ’
p 1 _ 2h 2
= A/ (=D, = A, 1
pU2Z M2 Uz (y-1)MZ W

—1)M?2 +2 U .
A — (’Y ) ; + , M — , a* — ’Yp ,
where + is the ratio of specific heats of the gas and M is the local Mach number. In two limit cases, Egs. (1) yield

explicit dependences of the parameters on the distance r. In the first case, where a sonic velocity is reached on the
source (M, = 1) and (y — 1)M? > 1, we obtain

M_R7—1(7+1)(7+1)/4 R " U _(7+1)1/2
N y—1 ’ R, U, \y—-1/ 7
p_ (7_1)1/2 1 po_ 1 (7_1)7/2 (2)
p«  \y+1/  R2 pU2 AR \y+1/

In the other limit case, where a hypersonic velocity is reached on the source and the inequalities (y — 1)1\/[3 > 1
and (y — 1)M? >> 1 are satisfied, we have

1
M:M*R’Yil, U:U*7 p = 2
p« R
p 1 1 oh 2 1 ®)
p*UE - ,.YME R2fy7 U*Q - (’Y_ 1)Mz R2(v71)-

To determine the parameters on the SW on the side of the incoming flow (domain 1 in Fig. 1), we have to assume
that R = Rg(x) in Egs. (1)-(3), where Rg(x) is a function determining the SW shape.

3. Rankine—Hugoniot Relations on the Shock Wave. To solve the gas-dynamic equations in the
shock layer located between the SW and the contact plane (domain 2 in Fig. 1), it is necessary to formulate the
boundary conditions. The Rankine-Hugoniot relations for the mass, momentum, and energy fluxes are satisfied
on the oblique shock wave [6, 11]. Using the known relations for the velocity components ahead of the SW and
behind it and resolving these relations with respect to the sought functions w, v, p2, and he, we obtain the following
relations on the SW:

u=U(z)[(p1/p2) cosasin (a + ) — sina cos (a + ¢)],
4
v=—=U(x)[(p1/p2) sinasin (o + ¢) + cos acos (a + ¢)]; @
p2 = p1+pU(x)(1 — pi/p2)sin®(a + @),

2 2/ 2\ (12 (5)
hy = hi + (U”(2)/2)(1 = p1/p3) sin” (@ + ).

Here, the quantities p1(x), p1(x), U(x), and hi(x) are found from Egs. (3) with M, > 1, M > 1, and r = Rg(x).
From Egs. (5), we can easily obtain the ratio of densities on the SW:

pr -1 2
- + ., . (6)
p2 v+l (y+1)Mgsin“(a +¢)
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Here, Mg = M, (rs/R.)""! = M*R}:_1 is the Mach number of the gas flow directly ahead of the SW. The following
geometric relations are also valid:

dxs

i = tan a(x), rsing = x, rcosp =D —y. (7)
Y

On the contact plane, we impose the no-slip condition v =0.
y=0

4. System of Gas-Dynamic Equations in the Shock Layer. To obtain an approximate solution of
the problem, it is reasonable to write the Euler equations in the Mises variables [11, 13], i.e., pass from the z and y
coordinates to new independent variables xz and v, where v is the stream function determined by the equality
dy = puz dy — pvx dr.

Let us consider the case with M, > 1, M > 1, p; < p1U?, and h; < U?/2. Taking into account the
boundary conditions (3)—(5) and following [1, 2, 14], we introduce the following dimensionless quantities for the
shock layer (domain 2 in Fig. 1):

F=" g=" =" o= " p= p
D7 y_D7 _U*v _U*’ p_p*UE(R*/D)2)
~ 2h _ P 7 (G
h = = .
v P o T pUR2
In these variables, the system of gas-dynamic equations in the shock layer takes the form
agy 1 dy v
oy puzx’ 0 '
_(_Ou _Ovy  Op ov _ _0p
(0 7 0n) = 0p  on = T o ®
0 - o5 . 2v D
h+u?+0%) =0 h = :
ox (h+a° +9°) =0, V15
In view of Egs. (3), the boundary conditions on the SW (4), (5) at ¥ = 1g(x) acquire the form
u2(Z) = [(p1/p2) cosasin (a + ¢) — sina cos (a + ¢)],
02(Z) = —[(p1/p2) sinasin (a + @) + cosa cos (a + ¢)], 9)

P2(7) = sin®(a + ) (1 = p1/p2)/R3(x),  ha(T) = sin®(a + ) (1 - p7/p3).
With allowance for Egs. (3) and flow geometry, the relation for the mass flux yields the dimensionless stream
function on the SW:

x

- [sin(a+@)rdr
dstm = [ O (10)

Equation (10) can be written in another, clearer and more convenient form by presenting the expressions for
sin (o + ¢) and Rg(z) as

14+ zy5 — ys \/xg (1— gs)?

\/1+y V32 +(1-gs)?

sin (o + ) =

Then, we obtain

8l

_ 1+ &y — §s)Z )
¥s(7) = (—/2 —QyS ’ )— 21372 ¢
V1458 a2+ (1 - gs)?
where §g(Z) is a function determining the SW shape.
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5. Asymptotic Solution of the Problem in the Shock Layer. At Mgsin®(a + ¢) > 1, Eq. (6) yields
e=p1/p2—(y—=1)/(v+1).

Thus, ¢ is a small parameter of the problem [11]. Using the method developed in [11], we can seek for the solution
in the form of power expansions of the sought functions with respect to the small parameter €.

As it was noted in some papers (see [6, 14, 15]), however, to calculate the SW stand-off distance from the
contact plane more exactly, it is necessary to use a more exact expression for the tangential component of velocity,
calculating it in the next approximation in terms of €. Therefore, we seek for the solution in the form of the following
expansions (the bar above the functions is omitted):

Y = €Yo, uzzug—l—su?—k..., V=¢€vy+ ...,

(11)

p=po+epr+..., p=pofe+pr+..., h=ho+ehy+....

Substituting Eq. (11) into system (8), we obtain the following system of equations for the first terms of the
expansions:

Ouo _ Opo _ o = OY0
oxr oy 070 9
8h0 -0 ho _ 2’}/ Po pou 8Uf _ _8p0 3y0 _ 1 (12)
Ox ’ v+1 po’ Oz oz’ o pox\/u% +eu?
Note that system (12) differs from a similar system obtained in [11]. It follows from Eq. (7) on the SW that
€ dyos = cot o
dx '

From here, we obtain « = 7/2 for ¢ — 0. This solution, where the SW coincides with the contact plane already in
the zeroth approximation in terms of €, was used in [14]. Below, we construct a solution that takes into account the
non-zero value of SW curvature already in the first approximation, in contrast to [14]. Let us demonstrate that the
SW stand-off distance obtained from the solution with a correction for SW curvature is in better agreement with
the results of numerical calculations than the SW stand-off distance obtained in [14] from the solution with ignored
SW curvature. For this purpose, we omit the terms O(e) in the boundary conditions (9), making no assumptions
about the angle « for the moment. Then, the boundary conditions (9) on the SW can be written in the form

¥ =1s(x):  ws(r) = —sina(z)cos[a(z) + ()],  urs(x) =0,
vos(z) = —cosa(w) cos [a(x) + ¢(x)],  pos(x) = sin’[a(z) + p(2)]/RE(2), (13)

hos(x) = sin?[a(z) 4 @(x)].

With allowance for Egs. (13), the solution of system (12) acquires the following form with accuracy to an arbitrary
angle «a:

uo(¢) = —sina(t) cosfa(t) + ¢(t)],  po(x) = sin[(a(x) + ()] /R5(x),

ho(t) = sin’[a(t) + ()], polw,t) = (2v/(v +1))po()/ho(t)

(t is the coordinate of the point where the streamline ¢ enters the shock layer). The correction to the tangential
component of velocity has the form

(14)

2 7+1 (po(x))

u%(x,t) = — ho(t)In , 15

oty == hatom (M (15)
and w*(z,t) = wuj(t) + euj(z,t). The current value of ¢ corresponding to the coordinate t is determined

by the formula

sin [a(t) + ¢(t)]t i

R

dyp =
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The coordinate yo(z,t) is found from Egs. (8) and the expressions obtained above:

(16)

_y+1 1 / zpo(2) sin [a(z) + ¢(z)] ;
y0($,t) - (x)o/ dz.

[a
2y xpo u(z, z)

Substituting Eqs. (14) and (15) into Eq. (16), we obtain the relation for the function determining the SW shape at
t=ux:

x

1L 1 [epo(sinfat) + ()]
W=y, xpo(w)O/ O I "
where
_ (1 —ys +2ys)? , _ dys
PO e e T e

u(z,z) = \/Sin2 a(z) cos?[a(z) + @(2)] = biho(z) In (po(2)/po(2)),  bi=(y =1/,  ys(z) = eyg' ().

Solution (17) obtained from the continuity equation has to be compatible with the geometric relation (7) for
the angle of inclination «(x) in the vicinity of the axis of symmetry. In a particular case with o = 7/2, Eq. (17)
yields the formula determining the SW shape and the limiting expressions for ug, po, and hg [14]. In view of Eq. (7),
however, Eq. (17) is an integrodifferential equation, because there are functions of a(z) in the integral. The function
a(z), in turn, depends on the derivative yg,. To construct the solution of the integral equation (17) and refine
the value of the SW stand-off distance from the contact plane, we expand the functions involved in Eq. (17) into
a series with respect to the powers of z, confining ourselves to terms of the order O(x?). As a result, we obtain
algebraic equations for determining the curvature Kgg = Rg& and the SW stand-off distance ygh (0) = Ap. Non-
dimensionalizing Eq. (7), substituting a = 7/2 — Kgox + ... (Kgo is the SW curvature at the critical point) into
this equation, expanding the function tan (Kgoz) into a series, and integrating the resultant expression, we obtain

2
KsD @ , ys = elg + KsD z2.

2 2

We introduce the notation KgD = K. Then, omitting the terms of the order O(¢?), O(z*), and also O(K?),
we obtain the expansions

Y = Ao + (18)

14 Koz?/2

20N _ 2(1 = i =
Rs(@)=1+a7(1=Ko),  sinla+o) =y i goyje

cot?*(a+¢) = (Ko — 1)%2% + ..., (19)
2
.fS(m) 14 A2 4.,  A=2-3K, 1n(p0(x)):A(t2—a:2)+....
sin“(a + ¢) po(t)
Substituting expansions (19) into the right side of Eq. (17) and calculating the integral, we have
‘ 1 1 Ax? mg + 2k
sh 0 0
_ ’ 20
%' (@) 1+ak0+m0( 3 m0+k0) (20)

where kg = /B + b1 A, mg = /b1 A, and B = Kq—1—b; A. The left side of Eq. (20) is expansion (18). Comparing
the coefficients at the powers 2° and 22 in the left and right sides of Eq. (20) and applying some transformations,
we obtain two algebraic equations for Ay and Kjy:

- _b 1 _de _y—1
yS(O)_EAO_AL1—K0+\/b(2—3K0)/2’ b=y v 21)
Ko=" 23k [Vb(2 = 3K0) /2 +2(1 - Ky, (22)

6 [1— Ko+ +/b(2 - 3K0)/2]?
Equation (22) does not involve Ay and can be solved independent of Eq. (21).
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Fig. 2. SW curvature Ko versus e: calculation with no allowance for the correction Eu? [14]
(curve 1), calculation with allowance for the correction eu} (curve 2), and calculation by
Eq. (23) (curve 3).

Fig. 3. SW stand-off distance ys(0) versus e: calculation with no allowance for the correction

eu} [14] (curve 1), calculation with allowance for the correction eu} (curve 2), and calculation by
Eqgs. (21) and (22) (curve 3); the points are the results of the numerical calculation [2].
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Fig. 4. Calculated SW shape (7 = 1.67): results of the numerical calculation [2] (points 1), calcula-
tion by Eq. (24) (curve 2), and calculation with no allowance for the correction eu} [14] (curve 3).

Fig. 5. Pressure distribution on the contact plane at v = 1.4: calculation by Eq. (25) (curve 1),
calculation by the Newton formula (curve 2), and results of the numerical calculation [2] (points 3).

Equations (22) was solved numerically, but it can also be solved approximately in an explicit form by
presenting the right side in a linear form with respect to Ky. Then, in the linear approximation, we obtain

the solution
_ b(2+Vb)(1+Vb)/3 (23)
© T (14 V)3 4+ b(1 +3b/4+9Vb/4)/3
Calculations by Eq. (23) yield the values of Ky that differ only in the third digit from the exact solutions obtained

by the numerical solution of Eq. (22).
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6. Calculation Results. Figures 2 and 3 show the SW curvature Ky and SW stand-off distance yg(0) as
functions of e. It is seen that the use of the correction suf[ to the tangential velocity exerts a considerable effect on
the values of Ky and yg(0). The results calculated by Egs. (21), (22) (curve 3 in Fig. 3) are in better agreement
[as compared with the results calculated with allowance for the correction (curve 2)] with the numerical solution [2]
(points); the difference is smaller than 10%.

With allowance for the found values of ys(0) and Ky, the equation determining the SW shape near the axis
of symmetry acquires the form similar to Eq. (18):

ys(x) = ys(0) + Kox?/2. (24)

Figure 4 shows the SW shape calculated at v = 1.67. It is seen that curves 1 and 2 are in good agreement in
the entire interval 0 < x < 1. At the same time, curve 3 differ substantially from curves 1 and 2. With allowance
for the expansions obtained above and the found values of yg(0) and Ky, the expression for the pressure in the
shock layer takes the form

[1+ Koz?/2 — yo(z)]?
1 + %2(1 — KQ) — 2y0(0)]2

Figure 5 shows the pressure distributions p(x) = po(z)/po(0) on the contact plane at v = 1.4. Tt is
seen that curves 1 and 3 almost coincide. The calculations show that the parameter ~ exerts a minor effect
on the pressure distribution.

Conclusions. Thus, it is demonstrated that the solution obtained [SW stand-off distance yg(0), SW
shape, and pressure distribution p(z)] with allowance for the correction for the SW curvature agrees well with the
numerical solution [2]. It is found that the allowance for the correction to the tangential component of velocity
exerts a significant effect on the SW stand-off distance and shape.
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po(r) = [ (25)
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